c 2015 Society for Industrial and Applied Mathematics


SIAM J. SCI. COMPUT.
Vol. 37, No. 1, pp. A369–A390

THE MULTISYMPLECTIC DIAMOND SCHEME∗
R. I. MCLACHLAN† AND M. C. WILKINS†
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1. Introduction. In this paper we consider multisymplectic integrators for the
class of multi-Hamiltonian PDEs
(1.1)

Kzt + Lzx = ∇S(z),

where K and L are constant n× n real skew-symmetric matrices, z : Ω → Rn , Ω ⊂ R2 ,
and S : Rn → R. Despite much research, no well-deﬁned high-order multisymplectic
integrators are known for this class. We introduce a class of general purpose multisymplectic integrators for (1.1) that are locally well deﬁned and can have high order
in space and time.
Many variational PDEs and many nonlinear hyperbolic PDEs can be written in
the form (1.1). For example, by introducing z = (u, v, w), v = ut , and w = ux , the
wave equation utt − uxx = f (u) can be written in this form with
⎛
⎞
⎛
⎞
0 −1 0
0 0 1
K = ⎝1 0 0⎠ , L = ⎝ 0 0 0⎠ ,
(1.2)
0 0 0
−1 0 0
1 2 1 2
(1.3)
S(z) = −V (u) + v − w , and f (u) = V  (u).
2
2
Any solutions to (1.1) satisfy the multisymplectic conservation law
(1.4)

ωt + κx = 0,

where ω = 12 (dz ∧ Kdz) and κ = 12 (dz ∧ Ldz) [16, p. 338]. A numerical method that
satisﬁes a discrete version of (1.4) is called a multisymplectic integrator ; see [16, 4]
for reviews of multisymplectic integration.
The (Preissman or Keller) box scheme [16, p. 342], a multisymplectic integrator,
is simply the implicit midpoint rule (a Runge–Kutta method) applied in space and
in time on a rectangular grid. We call it the simple box scheme to distinguish it from
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other Runge–Kutta box-based schemes. There are plenty of multisymplectic low-order
methods applicable to Schrödinger’s equation [6, 11, 12, 17, 27, 31]. Most are based on
box-like schemes and are second-order. LingHua’s [15] method for the Klein–Gordon–
Schrödinger equation has spectral accuracy in space and is second-order in time.
Jia-Xiang, Bin, and Hua [14] present a multisymplectic, low-order, implicit/explicit
method for the Klein–Gordon–Schrödinger equation. Hong and Li [10] present a boxlike multisymplectic method for the nonlinear Dirac equation. For the Korteweg–de
Vries equation there are numerous [10, 29, 30, 1] multisymplectic low-order box-like
schemes. Moore and Reich [21] give a multisymplectic box-like low-order scheme
that can be applied to any multi-Hamiltonian system. Bridges and Reich [3] present
a staggered-grid multisymplectic method that is based on the symplectic Störmer–
Verlet scheme. They discuss possible extensions to higher-order methods.
Although multisymplecticity by itself does not ensure good performance on traditional criteria like accuracy and stability, multisymplectic methods do have a number
of advantages. They are (essentially) variational, the variational principle being considered fundamental to this class of physical law. They are the standard discrete
model in the relevant parts of physics, such as the lattice dynamics of solid state
physics. Symplecticity in space is essential for a semidiscretization to be amenable
to symplectic time integration, whose advantages in long-time integration are well
known. At the opposite extreme, steady-state solutions of (1.1) obey a Hamiltonian
ODE in space. Methods that are not symplectic in space will typically preserve only
the very simplest steady-state solutions, such as constants; methods that are symplectic in space can also preserve periodic, quasi-periodic, and heteroclinic solutions [19].
Standard methods for simple equations, such as those in [7], are multisymplectic.1 For
further discussion, and numerical comparisons of multisymplectic with nonsymplectic
integrators, see [2, 13].
However, multisymplectic integrators can only preserve some conservation laws,
and these do not typically include those of energy and momentum, which can be
important for nonlinear stability. The issue is discussed further in [5, 26]; a full
understanding of the relations between discrete conservation laws and discrete multisymplecticity, and their numerical implications, is still lacking.
In this paper, instead of discretizing one particular PDE, we wish to develop
methods that are applicable to the entire class (1.1), specializing to a particular
equation or family as late as possible. The simple box scheme is simple to deﬁne,
can in principle be applied to any PDE of the form (1.1), and has several appealing
properties, including the unconditional preservation of dispersion relations (up to a
diﬀeomorphic remapping of continuous to discrete frequencies) with consequent lack
of parasitic waves [2] and preservation of the sign of group velocities [8], and lack
of spurious reﬂections at points where the mesh size changes [9]. These properties
are related to the linearity of the box scheme; we consider methods that retain this
feature.2

1 Cohen [7, p. 34] writes, “all the schemes described below will be centered, since uncentered
schemes generate numerical dissipation for wave equations which satisfy a principle of energy conservation.” For the linear PDEs he considers, centered symmetric schemes are multisymplectic.
2 A method is linear in z if it is equivariant with respect to linear changes of the dependent
variables, z → z̃ := Az. Runge–Kutta methods and linear multistep methods are linear in this sense,
while partitioned Runge–Kutta methods are not. For this concept to be make sense, the method has
to be deﬁned for all systems obtained by such changes of variables; it does not apply to methods
that are deﬁned for a single diﬀerential equation.
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However, the simple box scheme also has some less positive features. It is fully
implicit, which makes it expensive; for equations where the CFL condition is not too
restrictive, the extra (linear and sometimes nonlinear) stability this provides is not
needed. The implicit equations may not have a solution: with periodic boundary
conditions, solvability requires that the number of grid points be odd [23]; we have
found no general treatment of Dirichlet, Neumann, or mixed boundary conditions in
the literature that leads to a well-posed method. It is only second-order in space
and time.
The latter issue can be avoided by applying higher-order Runge–Kutta methods
in space and in time [22]. As the dependent variables are the internal stages, typically
one obtains the stage order in space, for example, order r for r-stage Gauss Runge–
Kutta [20]. However, the scheme is still fully implicit and this time leads to singular
ODEs for periodic boundary conditions unless r and N are both odd [23, 20].
The ﬁrst two issues, implicitness and boundary treatment, are related. They can
be avoided for some PDEs, like the nonlinear wave equation, by applying suitable
partitioned Runge–Kutta methods [23, 18, 24, 25]. When they apply, they can be
excellent methods, leading to explicit ODEs amenable to explicit time-stepping, arbitrary order, and local boundary handling [20]. For example, the 5-point stencil for
utt − uxx = f (u), equivalent to leapfrog in space and time, is a method of this class
(2-stage Lobatto IIIA–IIIB). This class coincides in some cases with staggered grid
methods, which again rely on the detailed structure of the equation, and can be extremely eﬀective. However, the partitioning/staggering means that they are not linear
methods, which can lead to, for example, discontinuous dispersion relations [20].
For Hamiltonian ODEs there are methods that are symplectic and methods that
are not; and symplectic methods that are implicit and explicit; methods that are
linearly equivariant and methods that are not; and methods deﬁned for all ODEs
and methods deﬁned only for particularly structured ODEs. All approaches have
their domains of applicability. While there are truly fundamental diﬀerences between
Hamiltonian PDEs and ODEs, this situation indicates that there may be multisymplectic integrators based on Runge–Kutta discretizations that respect the structure of
the PDE better than those previously known that lead to broader applicability. This
is the case, and we introduce in this paper the class of diamond schemes for (1.1). It
is based on the following observation. Let the PDE (1.1) be discretized on a square
cell by a Runge–Kutta method in space and time. To each internal point there are n
equations and n unknowns. To each pair of opposite edge points there is one equation.
Therefore, to get a closed system with the same number of equations as unknowns,
data should be speciﬁed on exactly half the edge points. We shall show later that for
the nonlinear wave equation, specifying z at the edge points on two adjacent edges
leads to a properly determined system for the two opposite edges. What remains is
to arrange the cells so that the information ﬂow is consistent with the initial value
problem.
Definition 1. A diamond scheme for the PDE (1.1) is a quadrilateral mesh in
space-time together with a mapping of each quadrilateral to a square upon which a
set of Runge–Kutta methods are applied in each dimension. Initial data is speciﬁed
at suﬃcient edge points such that the solution can be propagated forward in time by
locally solving for pairs of adjacent edges.
For equations that are symmetric in x, the quadrilaterals are typically diamonds,
and we outline the scheme ﬁrst in section 2 in the simplest case, the analogue of
the simple box scheme that we call the simple diamond scheme. The validity of
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a + Δx

a + 2Δx

b

Fig. 1. The domain divided into diamonds by the simple diamond method. The solution, z, is
calculated at the corners of the diamonds. The scheme is started using the initial condition, which
gives the solution along the x axis at the red squares, and the solution at t = Δt
(the blue triangles),
2
which is calculated using a forward Euler step. After this initialization the simple diamond scheme
proceeds, step by step, to update the top of a diamond using the other three known points in that
diamond.

the method is illustrated on a nonlinear wave equation. We introduce the general
diamond scheme, based on r-stage Gauss Runge–Kutta, in section 3. We prove that
it is multisymplectic in general and that, for the nonlinear wave equation (1.2), it
is well-deﬁned, i.e., the algebraic equations have a solution for a suﬃciently small
time step. (The method does lead to a closed system of m equations in m unknowns
for any multi-Hamiltonian PDE, but their solvability could depend on the PDE.)
The validity of the method is illustrated on a nonlinear wave equation, and high
convergence orders are observed; as the dependent variables are the stage variables
of the underlying Runge–Kutta method, this order is related to the stage order, not
the classical order, of the Runge–Kutta method. The dispersion relation, and hence
the linear stability, of the simple diamond scheme is determined in section 4 for all
multi-Hamiltonian PDEs. As the diamond scheme is implicit in z, but explicit in x,
its obeys a CFL-type stability restriction typical of fully explicit methods. Section 5
concludes.
The diamond scheme is inspired by and has some similarities with the staircase
method in discrete integrability [28]. In both cases initial data is posed on a subset
of a quadrilateral graph such that the remaining data can be ﬁlled in uniquely. In
discrete integrability, this ﬁll-in is usually explicit, whereas for the diamond schemes
it depends on the PDE and is usually implicit. A second key point is that in the
diamond method, there is a stability condition that the ﬁll-in must be such that the
numerical domain of dependence includes the analytic domain of dependence. Thus
the characteristics of the PDE determine the geometry of the mesh: if they all pointed
to the right, then one could indeed use a simple rectangular mesh and ﬁll in from left
to right. (Indeed, this was how early versions of the box scheme proceeded.)
2. The simple diamond scheme. Consider solving (1.1) numerically on the
domain x ∈ [a, b], t ≥ 0, with periodic boundary conditions. Unlike a typical ﬁnite
diﬀerence scheme which uses a rectilinear grid aligned with the (x, t) axes, the simple
diamond scheme uses a mesh comprising diamonds; see Figure 1.
To describe the simple diamond scheme consider a more detailed view of a single
the
diamond in Figure 2: z10 is the solution at the top, z01 the rightmost point, z−1
0
bottom, and z0−1 the left. The point in the center of the diamond, z00 , is deﬁned as
the average of the corner values.
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z10

z0−1

z00

z01

z−1
0
Fig. 2. A single diamond in the simple diamond scheme. A diamond has a width of Δx and
height of Δt.

The discrete version of (1.1) is

(2.1)
(2.2)

K


 0

z1 − z0−1
z10 − z−1
0
+L
= ∇S(z00 ),
Δt
Δx
1 1
0
z + z01 + z−1
z00 =
0 + z−1 .
4 0

0
0
The values z01 , z−1
0 , and z−1 are known from the preceding step, and z0 is determined
1
from (2.2), leaving the n unknowns z0 to be determined from the n equations (2.1).
The simple diamond scheme solves this system of equations independently for each
diamond at each time step, then advances to the next step. To determine the local
Δt
truncation error of this scheme, substitute the exact solution z(x + i Δx
2 , t + j 2 ) for
j
zi into (2.1) and expand in Taylor series:

(2.3)
(2.4)







Δt2
Δx2
zttt + O Δt3 + L zx +
zxxx + O Δx3
K zt +
= ∇S(z)
4
4

⇒ Kzt + Lzx = ∇S(z) + O Δt2 + Δx2 ;


thus the order is O Δt2 + Δx2 .
For the one-dimensional wave equation deﬁned by (1.1) and (1.2) the simple
diamond scheme becomes
(2.5)
(2.6)
(2.7)

0
w−1 + w10 + w−1
u01 − u0−1
+ w01
= 0
,
Δx
4
0
v −1 + v10 + v−1
+ v01
u10 − u−1
0
= 0
,
Δt
4
−1
0
w0 − w−1
v01 − v0
= 1
+ f (u00 ).
Δt
Δx

At each time step, for each diamond, (2.5) is ﬁrst solved to give the new w01 . Then
(2.6) is solved for v01 and substituted into (2.7) to give a scalar equation of the form
(2.8)

u10 = C +

(Δt)2
f (u00 )
4

for u10 , where C depends on the known data. This equation has a solution u10 =
C + O (Δt)2 for suﬃciently small Δt when f is Lipschitz. Thus, although the
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scheme is implicit, it is only locally implicit within each cell; a set of N uncoupled scalar equations is typically much easier to solve than a system of N coupled
equations.
Proposition 2. The simple diamond scheme shown in (2.1) satisﬁes the discrete
conservation law
1  0
−1
0
(dz−1 + dz10 + dz01 ) ∧ Kdz10 − (dz0−1 + dz−1
0 + dz1 ) ∧ Kdz0
4Δt
1  1
−1
0
1
0
0
(dz0 + dz01 + dz−1
+
0 ) ∧ Ldz1 − (dz0 + dz−1 + dz0 ) ∧ Ldz−1 = 0.
4Δx
Proof. Take the exterior derivative and apply dz00 ∧ on the left of (2.1) to give
0
1
4Δt (dz−1

−1
1
+ dz10 + dz01 + dz−1
0 ) ∧ K(dz0 − dz0 )
0
0
0
1
(dz10 + dz01 + dz−1
+ 4Δx
0 + dz−1 ) ∧ L(dz1 − dz−1 ) = 0.

Expanding and simplifying leads to the result.
Numerical test. To illustrate the validity of the method, the Sine–Gordon
equation, utt −uxx = − sin(u) will be solved using the leapfrog and the simple diamond
schemes. The leapfrog scheme used is
uji−1 − 2uji + uji+1
uj+1
− 2uji + uj−1
i
i
−
= − sin(uji ),
(Δt)2
(Δx)2
where Δt and Δx are the same as in the diamond grid, so the ﬁve-point stencil
contains four diamonds. An exact solution is the so-called breather,
⎛
(2.9)

u(x, t) = 4 arctan ⎝

sin
cosh

√t
2
x
√
2

⎞
⎠.

The domain is taken signiﬁcantly large, [−30, 30], so the solution can be assumed
periodic. The initial conditions are calculated using the exact solution. The error is
the discrete 2-norm of u,
(2.10)

E2 =

b−a
N

N

(ũi − u(a + iΔx, T ))2 .
i

Figure 3 shows the error of both schemes as Δt is reduced while keeping the
Δt
= 12 . The integration time T = 1.5 is twice the largest time step.
Courant number Δx
It is apparent that for this problem, both schemes appear to have order 2.
Boundary conditions. Because the simple diamond scheme is locally deﬁned,
boundary conditions can be treated locally without aﬀecting the solvability of the
discrete equations. The numerical method requires n conditions at each boundary,
and the PDE typically provides fewer than n. Extra conditions can be found by
(i) diﬀerentiating the boundary conditions in the direction of the boundary; (ii) using and/or diﬀerentiating the PDE at the boundary; and (iii) utilizing a phantom
diamond that straddles the boundary. We illustrate here one possible treatment of
Dirichlet and Neumann boundary conditions. For the nonlinear wave equation with
Dirichlet condition u(a, t) = f (t), the values of u(a, nΔt) = f (nΔt) are given, and by
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Simple diamond and leapfrog error
leapfrog
simple

100

Error

10-1
10-2
10-3
10-4

10-3

10-2

10-1
Δt

100

101

Fig. 3. The error of the simple diamond scheme applied to the multisymplectic Hamiltonian
PDE arising from the Sine–Gordon equation, and the error of the leapfrog scheme applied to the
Sine-Gordon equation. The exact solution is the so-called breather on the domain [−30, 30]. The
Courant number is ﬁxed at 12 as Δt is decreased. Both methods appear to have order 2.

diﬀerentiating the boundary condition, v(a, nΔt) = f  (nΔt) can be found. From the
PDE we have wt = vx , and using the approximation
 
A = vx a, n −

1
2

Δt ≈

v(a + 12 Δx, (n − 12 )Δt) − f  ((n − 12 )Δt)
,
1
2 Δx

gives the update w(a, nΔt) = w(a, (n − 1)Δt) + ΔtA. For the Neumann condition
ux (b, t) = g(t), a phantom diamond is used. First ﬁll in the values of z01 (see Figure
2): the boundary condition provides w00 , and linear extrapolation provides w10 ; the
boundary condition provides ux at the center point, and linear extrapolation from
u0−1 provides u01 ; the PDE implies vx = wt , where wt is provided by the boundary
0
condition at the center point, and linear extrapolation from v−1
provides v10 . The
boundary diamond is then ﬁlled in like the internal diamonds. Figure 4 shows the
results of 150,000 steps of the simple diamond scheme together with this boundary
treatment, for the linear wave equation for a solution that contains both left- and
right-moving waves.
3. The diamond scheme. The diamond scheme reﬁnes the simple diamond
scheme discretization by using the multisymplectic Runge–Kutta collocation method
given by Reich [22] within each diamond. It is easier to apply this method to a square
that is aligned with the axes, so the ﬁrst step is to transform the (x, t) coordinate
space. Each diamond in Figure 1 is transformed to a square of side length one using
the linear transformation T deﬁned by
(3.1)

T:

x̃ =

1
Δx x

+

1
Δt t

1
and t̃ = − Δx
x+

1
Δt t.

Because (1.1) has no dependence on x or t it doesn’t matter where the square is
located in (x̃, t̃) space, so the same transformation can be used for all the diamonds.
Let z̃(x̃, t̃) = z(x, t). By the chain rule
(3.2)

1
1
zx = z̃x̃ Δx
− z̃t̃ Δx

1
1
and zt = z̃x̃ Δt
+ z̃t̃ Δt
,
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(a)

(b)

1

0.715

v(b)

v(b)

0.5

0.71

0
0.705
−0.5
0.7

−1

−1

0

u(b)

1

0.7

(c)

0.705

0.71

0.715

u(b)

(d)
−4

1

u(b, t) − uexact (b, t)

u(b, t)2 + v(b, t)2

1.006
1.004
1.002
1
0.998
0.996
0.994

0

500

1000

1500

t

2000

x 10

0

−1

0

500

1000

1500

t

2000

Fig. 4. Solution of the linear wave equation on [a, b] with Dirichlet boundary condition u(a, t) =
sin a cos t, Neumann boundary condition ux (b, t) = − cos a cos t, a = 0.5, b = π/2, and exact solution
u(x, t) = sin x cos t which contains both left- and right-moving waves. There are N = 40 diamonds
in space and the Courant number is 0.5; 150,000 time steps are shown. See text for the handling
of the boundary conditions. (a) Phase portrait of (u(b, t), v(b, t)), which is a circle in the exact
solution. (b) Close-up of (a) showing some blurring of the orbit, which does not increase in time.
(c) Evolution of local energy u(b, t)2 + v(b, t)2 at x = b versus time (exact value is 1); the error does
not increase in time. (d) Global error in u(b, t) versus. time. The error does not increase in time.
(Note that u(b, t) is not ﬁxed by the boundary condition.)

so
 1
 1
1
1
+ L z̃x̃ Δx
+ z̃t̃ Δt
− z̃t̃ Δx
Kzt + Lzx = K z̃x̃ Δt
1

1
1
1
= Δt K − Δx
L z̃t̃ + Δt
K + Δx
L z̃x̃ ,
and thus (1.1) transforms to
K̃z̃t̃ + L̃z̃x̃ = ∇S(z̃),

(3.3)
where
(3.4)

K̃ =

1
Δt K

−

1
Δx L

and L̃ =

1
Δt K

+

1
Δx L.

Outline of method. Figure 5 illustrates the diamond scheme for a sample
initial-boundary value problem on [a, b] × R+ with periodic boundary conditions. The
solution z is calculated at grid points located on the solid diamond edges; dashed
edges indicate where values are inferred by periodicity. Information follows from the
bottom left and right edges of a diamond to the top left and right edges of the same
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t
ﬁnish 2nd step
2Δt

2nd half-step
ﬁnish 1st step

Δt

1st half-step
Δx
forward Euler

a

x

b

Fig. 5. Information ﬂows upward as indicated by the solid blue arrows for a typical diamond.
The solution, z, is initialized on the solid blue zig-zag line. A step of the diamond scheme consists
of two half-steps. The ﬁrst half-step calculates z along the green dash-dot line, which by periodicity
is extended to the dashed line to the right. The second half-step uses the green dash-dot line to
calculate the red dash-double-dotted line, which again by periodicity is extended to the left-hand
dashed segment.

diamond. An initialization step must provide values for z along the bottom edges
of the ﬁrst row of diamonds (the ﬁrst solid blue zig-zag line in the ﬁgure). This is
extended using periodicity beyond the left-hand boundary (the blue dashed line). The
initialization should not reduce the overall order nor undo special numerical properties
of the scheme. In this paper the known exact solution has been used; however, an
initialization method of high order has been developed and will be presented in future
work. A step of the diamond scheme consists of two half-steps. The ﬁrst half-step
calculates z along the top edges of the ﬁrst row of diamonds (green dash-dot zig-zag),
which by periodicity is extended to the right-hand boundary (the green dashed line).
The second half-step uses values on the top edges of the ﬁrst row of diamonds (green
dash-dot line) to calculate the new values of z on the top edges of the second row (red
dash-double-dotted line). Again by periodicity the values from the top right edge of
the rightmost diamond are copied outside the left-hand boundary of the domain (the
red dashed segment). Another step can be performed now using the red dash-doubledotted zig-zag as initial data (the very-right-hand line segment is not used except to
provide values for the dashed line).
Updating one diamond. Let (A, b, c) be the parameters of an r-stage Runge–
Kutta method. In what follows, we will take the method to be the Gauss Runge–Kutta
method. Figure 6 shows a diamond with r = 3 and its transformation to the unit
square. The square contains r × r internal grid points, as determined by the Runge–
Kutta coeﬃcients c, and internal stages Zji , which are analogous to the usual internal
grid points and stages in a Runge–Kutta method. The internal stages also carry the
variables Xji and Tji which approximate zx and zt , respectively, at the internal stages.
The dependent variables of the method are the values of z at the edge grid points.
To be able to distinguish the internal edge points from all the edge points let I be
the set of indices {1, . . . , r}. Then, for example, z̃bI refers to z̃bi , i = 1, . . . , r. If the I
qualiﬁer does not appear, then the left- or bottommost corner is included, for example,
z̃b refers to the points z̃bi , i = 0, . . . , r, but does not include z̃br+1 which is z̃0r . Note
z̃b0 = z̃0 (which is also the same as z−1
0 ). The Runge–Kutta discretization is
(3.5)

Zji = z̃j +

r
k=1

aik Xjk ,

A378

R. I. MCLACHLAN AND M. C. WILKINS

z10
zt

zr

z0−1

z01
z

T

z̃t0

z̃t1

z̃t2

zb
z−1
0

z̃t3

z̃3

Z31

Z32

Z33

z̃3r

z̃2

Z21

Z22

Z23

z̃2r

z̃1

Z11

Z12

Z13

z̃1r

z̃0

z̃b0 z̃b1

z̃b2

z̃0r

z̃b3

Fig. 6. The diamond transformed by a linear transformation, T , to the unit square. The square
contains r × r (r = 3 in this example) internal stages, Zji . The solution is known along the bottom
and left-hand sides. The method proceeds as two sets of r Gauss Runge–Kutta r-step methods:
internal stage values, Zji , Xji , Tji , are calculated, then the right and top are updated.

(3.6)

Zji

r

=

z̃bi

+

ajk Tki ,

k=1

(3.7)

∇S(Zji ) = K̃Tji + L̃Xji ,

together with the update equations
(3.8)

z̃ir

=

z̃i

r

+
k=1
r

(3.9)

z̃ti = z̃bi +

bk Xik ,
bk Tki ,

k=1

for i, j ∈ I. The z̃I and z̃bI are known. Equations (3.5)–(3.7) are ﬁrst solved for
the internal stage values Zji , Xji , and Tji , then (3.8) and (3.9) are used to calculate
z̃tI and z̃Ir . Equations (3.5)–(3.7) are 3r2 equations in 3r2 unknowns Z, X, and T.
Equations (3.5) and (3.6) are linear in X and T. Thus in practice the method requires
solving a set of r2 n nonlinear equations for Z in each diamond.
The method does not use values at the corners. However, if solutions are wanted
at the corners, then the method can be extended by allowing j = 0 in (3.5) and
associating Z0i with z̃bi and allowing i = 0 in (3.6) and associating Zj0 with z̃j . This
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extension gives equations for X0k and Tk0 , which can be used in the update equations (3.8) and (3.9) which are extended by allowing i = 0. On this extended domain
(3.5)–(3.7) are 2r(r + 1) + r2 equations. This is because (3.5) is extended onto the
bottom boundary (r(r + 1) equations) and (3.6) onto the left boundary (r(r + 1) equations), but there is no need to extend (3.7) onto either boundaries because T was not
extended onto the bottom boundary, and X was not extended onto the left boundary.
The number of unknowns is 2r(r + 1) + r2 , so again there is the same number of
equations as unknowns. Corner points are shared by two adjacent diamonds, and
. In practice the mean of these two approximations is used.
typically z̃br+1 = z̃r+1

Here is a summary of the diamond scheme algorithm:
Let z and zn be N (2r + 1) length vectors with each element in Rn . These
vectors contain the z̃ values for two particular edges of each diamond. Each
of the two edges has r nodes, plus there is the value at the bottom, hence
2r + 1 values per N diamonds.
1. Initialize z. It now contains z̃ for the blue zig-zag at the bottom in
Figure 5.
2. The half-step. For each diamond;
(a) associate z̃ and z̃b with the correct values in z (periodicity is
used at the edges);
(b) solve (3.5)–(3.7);
(c) use (3.8) and (3.9) to ﬁnd z̃r and z̃t ;
(d) associate z̃r and z̃t with the current diamond’s section of zn
(periodicity is used at the edges).
3. z = zn . Now z contains z̃ values for the second/green zig-zag in
Figure 5.
4. Perform step 2 again.
5. z = zn . Now z contains z̃ values for the third/red zig-zag in Figure 5.
6. If ﬁnal time not reached go to step 2.
Theorem 3. For the multi-Hamiltonian one-dimensional wave equation deﬁned
by (1.1) and (1.2) with the conditions
• f is Lipschitz with constant L;
• the matrix A of coeﬃcients of the underlying Runge–Kutta scheme is invertible;
• the matrix
B = (1 − λ2 )(I ⊗ A−2 ) + 2(1 + λ2 )(A−1 ⊗ A−1 ) + (1 − λ2 )(A−2 ⊗ I),
Δt
is the Courant number; and
is invertible, where λ = Δx
−1
1/2
,
• Δt < 1/(L B
∞)
(3.5)–(3.7) are solvable, and thus the diamond scheme is well deﬁned.
Proof. Equations. (3.5) and (3.6) relate components of matrices and tensors.
Writing these equations in tensor form, then multiplying on the left by A−1 , gives
expressions for Xji and Tji . Substituting these into (3.7) gives

∇S(Zji ) = K̃

r
k=1

mjk (Zki − zbi ) + L̃

r
k=1

mik (Zjk − zk ),

where mij are the elements of A−1 , and the tildes on the z values have been dropped
for clarity. Using (3.4) for K̃ and L̃, and adopting the summation convention, this
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becomes
⎞ ⎛
⎛
−f (uji )
0
⎝ vj ⎠ = ⎝ 1
i
Δt
1
−wij
Δx

−1
Δt

−1
Δx

⎞

⎛

0

1
0 ⎠ mjk (Zki − zbi ) + ⎝ Δt
−1
0
Δx

0
0

−1
Δt

0
0

1
Δx

⎞

0 ⎠ mik (Zjk − zk ).
0

The solution for vij and wij ,
1
1
mjk (uki − ubi ) +
mik (ujk − uk ),
Δt
Δt
−1
1
mjk (uki − ubi ) +
mik (ujk − uk ),
wij =
Δx
Δx
vij =

is substituted into the equation for uji , which after simpliﬁcation gives
(1 − λ2 )mjk mkp upi + 2(1 + λ2 )mjk mip ukp + (1 − λ2 )mik mkp ujp = b + (Δt)2 f (uji ),
where the vector b is a constant term depending on A−1 and the initial data z and
zb . Let u = (u11 , u21 , . . . , ur1 , u12 , . . . , u13 , . . . , urr ) and f (u) = (f (u11 ), . . . , f (urr )); then
this simpliﬁes to
Bu = b + Δt2 f (u),

(3.10)

where B is given in the conditions of the theorem. To complete the proof it must be
shown that this equation has a solution. Because B is invertible, G(u) = B −1 (b +
Δt2 f (u)) exists. Consider G applied to the two points u1 and u2 ,
G(u1 ) − G(u2 )

∞

= Δt2 B −1 (f (u1 ) − f (u2 ))
≤ Δt2 B −1

∞L

u1 − u2

∞

∞.

By the contraction mapping theorem and the condition on Δt, G must have a ﬁxed
point u = G(u), and thus (3.10) has a solution.
For a particular Runge–Kutta method it is straightforward to calculate the matrix
B and determine the conditions on λ that lead to solvability. Figure 7 shows that for
Gauss Runge–Kutta, r = 1, . . . , 5 and λ ∈ [0, 1], the minimum singular value of B is
nonzero. This calculation can be performed for larger r.
Theorem 4. The diamond scheme satisﬁes the discrete symplectic conservation
law
1
Δt
ωnm

r

bi (ωit + ωri − (ωi + ωib )) +

i=1
1
m
2 dzn

Kdzm
n,

κm
n

1
Δx

r

bi (κir + κbi − (κti + κi )) = 0,

i=1

1
m
2 dzn

where
=
∧
=
∧ Ldzm
n , and m, n ∈ [0, r] ∪ {t, r, b, } (refer
to Figure 6 for the deﬁnition of those labels).
Proof. The solver within each square satisﬁes the discrete multisymplectic conservation law [23]
r

r

bi (ω̃it − ω̃ib ) + Δt

Δx
i=1

bi (κ̃ir − κ̃i ) = 0,

i=1

where Δx = Δt = 1 because the square has side length one. Substituting in ω̃nm =
1
1
m
m
m
m
m
2 dz̃n ∧ K̃dz̃n and κ̃n = 2 dz̃n ∧ L̃dz̃n gives
1
2

r
i=1

bi (dz̃ti ∧ K̃dz̃ti − dz̃bi ∧ K̃dz̃bi + dz̃ir ∧ L̃dz̃ir − dz̃i ∧ L̃dz̃i ) = 0.
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Minimum singular value of B

16
14
12
10
8
6
4
2
0.0

Solvability of Diamond Scheme

0.2

0.4

0.6

λ

0.8

1
2
3
4
5

1.0

Fig. 7. How the minimum singular value of B varies with diﬀerent Courant numbers. Because
there are no zero singular values, the diamond scheme is solvable for the wave equation for all
λ ∈ [0, 1] and r up to 5. It is easy to check this holds for larger r.
m
Using dz̃m
n = dzn , and (3.4) this becomes

1
2

r
i=1

⇒

1
bi (dzti ∧ ( Δt
K−

1
Δt

r

t
1
Δx L)dzi

1
+dzir ∧ ( Δt
K+

1
− dzbi ∧ ( Δt
K−
i
1
Δx L)dzr

bi (ωit − ωib + ωri − ωi ) +

i=1

1
Δx

b
1
Δx L)dzi

1
− dzi ∧ ( Δt
K+
r

i
1
Δx L)dz )

=0

bi (−κti + κbi + κir − κi ) = 0.

i=1

We now examine the relationship between the simple diamond scheme (which
uses corner values only) and the r = 1 diamond scheme (which uses edge values only).
To relate the two, note that the extension to the corners of the r = 1 diamond scheme
discussed previously, in which (3.5), (3.6), (3.8), (3.9) are applied with i = j = 0,
leads on a single diamond to
0
z0 + z10
z−1
0 + z1
,
z̃t = −1
,
2
2
z−1 + z0−1
z0 + z10
z̃ = 0
, z̃r = 1
,
2
2

z̃b =
(3.11)

where the sub/superscript 1 has been dropped.
Theorem 5. (i) Any solution of the simple diamond scheme, mapped to edge
midpoint values according to (3.11), satisﬁes the equations of the r = 1 diamond
scheme. (ii) Any solution of the r = 1 diamond scheme corresponds under (3.11)
locally to a 1-parameter family of solutions to the simple diamond scheme. With
periodic boundary conditions, the correspondence is global iﬀ the solution satisﬁes
1
b
i zi,j =
i z1i,j for all j, where the subscript i,j refers to the ith diamond at the
jth time step.
Proof. When r = 1, (3.5)–(3.9) become
(3.12)

1
Z = z̃ + X,
2
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1
Z = z̃b + T,
2
∇S(Z11 ) = K̃T + L̃X,
z̃r = z̃ + X,
z̃t = z̃b + T,

where K̃ and L̃ are the transformed K and L given in (3.4), and the sub/superscript
1 has been omitted in z̃ , z̃b , z̃r , z̃t , Z, X, and T.
Eliminating X, T, and Z from the ﬁve equations (3.12)–(3.16) yields the equivalent formulation
 t

 t
z̃ + z̃b + z̃r + z̃
b
K̃ z̃ − z̃ + L̃ (z̃r − z̃ ) = ∇S
(3.17)
,
4
(3.18)

z̃t − z̃r + z̃b − z̃ = 0.

(i) Substituting the relations (3.11) into the equations of the simple diamond
scheme (2.1) and (2.2) gives


 1

 0

0
0
1
z−1
z1 − z0−1
z0 − z−1
0 + z−1 + z1 + z0
0
∇S
=K
+L
4
Δt
Δx
 t

b


z̃ + z̃ + z̃r + z̃
1
1
⇒ ∇S
K z̃t − z̃b + z̃r − z̃ + Δx
L z̃r − z̃ − z̃t + z̃b
= Δt
4

1
1
1
1
= ( Δt
K − Δx
L) z̃t − z̃b + ( Δt
K + Δx
L) (z̃r − z̃ )
 t
b
= K̃ z̃ − z̃ + L̃ (z̃r − z̃ )
using (3.4), that is, the equations (3.17) of the r = 1 diamond scheme are satisﬁed.
Equation (3.18) follows directly from (3.11).
(ii) Using (3.11), the corner values of one diamond can be recovered uniquely
from the edge values and one corner value. From these values, adjacent diamonds can
be ﬁlled in, continuing to get a unique solution for the corner values in any simply
connected region. The same calculation as in part (i) now shows that these corner
values satisfy the equations of the simple diamond scheme. For a global solution with
periodic boundary conditions, the edge values at one time level j must lie in the range
of the mean value operator in (3.11), which gives the condition in the theorem. (If
the condition holds at j = 1, it holds for all j, from (3.18).) In both cases one corner
value parameterizes the solutions.
Theorem 5 implies that under (3.11), the multisymplectic conservation laws of
the simple and r = 1 diamond schemes are equivalent. This is now proved directly.
Corollary 6. Under the relations (3.11), the simple diamond scheme and the
r = 1 diamond scheme have equivalent discrete multisymplectic conservation laws.
Proof. Substitute r = 1 into Theorem 4, note b1 = 1, and diﬀerentiate (3.11)
to get dzt1 = (dz10 + dz0−1 )/2, dz1r = (dz10 + dz01 )/2, dzb1 = (dz01 + dz−1
0 )/2, and
0
dz1 = (dz−1
+
dz
)/2,
leading
to
−1
0
1  1
(dz0 + dz0−1 ) ∧ K(dz10 + dz0−1 ) + (dz10 + dz01 ) ∧ K(dz10 + dz01 )
8Δt
−1
−1
−1
0
0
0
0
−(dz−1
0 + dz−1 ) ∧ K(dz0 + dz−1 ) − (dz1 + dz0 ) ∧ K(dz1 + dz0 )
1  1
−1
0
(dz0 + dz01 ) ∧ L(dz10 + dz01 ) + (dz01 + dz−1
+
0 ) ∧ L(dz1 + dz0 )
8Δx
−1
0
0
−(dz10 + dz0−1 ) ∧ L(dz10 + dz0−1 ) − (dz−1
0 + dz−1 ) ∧ L(dz0 + dz−1 ) = 0,
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Error

Diamond error
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r =1
10-2
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Fig. 8. The error of the diamond scheme with varying r applied to the multisymplectic Hamiltonian PDE arising from the Sine–Gordon equation. The true solution was the so-called breather
on the domain [−30, 30]. The Courant number is ﬁxed at 12 as Δt is decreased. The order of the
method appears to be r when r odd and r + 1 when r even (see text).

which upon expanding and simplifying leads to the simple diamond scheme conservation law given in Proposition 2.
Numerical test of diamond scheme. The diamond scheme with varying r
was used to solve the Sine–Gordon equation as in section 2. The exact solution is
the so-called breather given in (2.9), and the error is the discrete 2-norm of u given
in (2.10). The number of diamonds at each time level is N = 40, 80, . . . , 1280, and
the integration time, T = 1.5, is twice the largest time step. The Courant number
Δt
1
Δx = 2 is held ﬁxed. The 2rN initial values of z = (u, ut , ux ) needed at the bottom
edge of the ﬁrst row of diamonds are provided by the exact solution. The results
for the global error are shown in Figure 8. It is apparent that for this problem, the
order appears to be r when r is odd and r + 1 when r is even. The superconvergence
property of the underlying Gauss Runge–Kutta method, which has order 2r, has been
lost. But this is expected, since the underlying scheme has superconvergence on the
end points, not at the internal stages where it has order r + 1. It is these internal
stages, the diamond edge points, that the diamond scheme operates on.
4. Dispersion analysis. Lemma 7. For the linear multi-Hamiltonian
(4.1)

Kzt + Lzx = Sz,

where S is a constant n × n real symmetric matrix, the dispersion relation between
the wave number ξ ∈ R and frequency ω ∈ R is given by
p(ξ, ω) = det(−iωK + iξL − S) = 0.
Proof. Assume z = ei(ξx−ωt) c, where c is a constant vector, is a solution to (4.1).
Substitution yields
(−iωK + iξL − S)c = 0.
For nontrivial solutions the matrix on the left must have zero determinant.

A384

R. I. MCLACHLAN AND M. C. WILKINS

If there are any solutions to p(ω, ξ) = 0 with ξ real and ω complex but not real,
then the PDE has solutions that grow without bound. For example, the dispersion
relation for the wave equation, utt − uxx = 0, is p(ξ, ω) = ω(ω 2 − ξ 2 ) = 0, so all
solutions are bounded. For the equation utt + uxx = 0, the dispersion relation is
p(ξ, ω) = ω(ω 2 + ξ 2 ) = 0, so there are unbounded solutions.
Theorem 8. The simple diamond scheme applied to the linear multi-Hamiltonian
equation has the dispersion relation between X Δx, ΩΔt ∈ [−π, π] deﬁned by
P (X Δx, ΩΔt) = p(h(X Δx, ΩΔt)) = p(h1 (X Δx, ΩΔt), h2 (X Δx, ΩΔt)) = 0,
where p is given in Lemma 7 and
(4.2)

h(x, y) = (h1 (x, y), h2 (x, y)),

4 sin 12 x



h1 (x, y) =
,
Δx cos 12 x + cos 12 y

4 sin 12 y



h2 (x, y) =
.
Δt cos 12 x + cos 12 y

Proof. Assume that a solution to the simple diamond scheme given in (2.1) is
znj = ei(X jΔx−ΩnΔt) c, where c is a constant vector, and because adding a multiple
of 2π to either of ΩΔt or X Δx does not change znj they are restricted to [−π, π].
Substitution into (2.1) yields


1
1
1
1
1
1
e−iΩ 2 Δt − eiΩ 2 Δt K +
eiX 2 Δx − e−iΩ 2 Δx L−
Δt
Δx

1
1
−iΩ 2 Δt
iΩ 12 Δt
iX 12 Δx
−iX 12 Δx
⇒ S e
+e
+e
+e
c =0
4






−2i
2i
S
sin 12 ΩΔt K +
sin 12 X Δx L −
cos 12 ΩΔt + cos 12 X Δx
⇒
c =0
Δt
Δx
2




4i sin 12 X Δx L
−4i sin 12 ΩΔt K

1
1

1

+
−S c =0
⇒
Δt cos 2 ΩΔt + cos 2 X Δx
Δx cos 2 ΩΔt + cos 12 X Δx

⇒ [−ih2 (X Δx, ΩΔt)K + ih1 (X Δx, ΩΔt)L − S] c = 0.
For nontrivial solutions the matrix on the left must have zero determinant, so
p(h1 (X Δx, ΩΔt), h2 (X Δx, ΩΔt)) = 0.
Lemma 9. The r = 1 diamond scheme applied to the linear multi-Hamiltonian
equation has a dispersion relation between Ω̃, X̃ ∈ [−π, π] deﬁned by
P̃ (X˜ , Ω̃) = det −i2 tan

Ω̃
2

K̃ + i2 tan

X̃
2

L̃ − S = 0.

The tildes are reminders that this dispersion relation is in the (x̃, t̃) coordinates.
Proof. Assume that a solution to the r = 1 diamond scheme given in (3.5)–(3.9)
is
z̃ñj̃ = ei(X̃ j̃−Ω̃ñ) c,
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where Ω̃ and X˜ can be restricted to [−π, π], and c is a constant vector. Note that
in (x̃, t̃) coordinates Δx = Δt = 1. Substitution into (3.5)–(3.9) (or (3.17) because
r = 1) yields after some simpliﬁcation
L̃ iX̃
K̃ −iΩ̃
e
e + ei(X̃ −Ω̃) − 1 − e−iΩ̃ c
+ ei(X̃ −Ω̃) − 1 − eiX̃ c +
2
2
S
=
1 + eiX̃ + e−iΩ̃ + ei(X̃ −Ω̃) c.
4
2ix

)
The result follows after some simpliﬁcation and using tan(x) = i(1−e
1+e2ix .
Recall Theorem 5: modulo initial conditions, the r = 1 diamond scheme and
simple diamond scheme are equivalent. The following theorem shows that instead
of directly calculating the dispersion relation for the r = 1 diamond scheme, the
dispersion relation from the simple diamond scheme can simply be transformed from
(x, t) coordinates to (x̃, t̃) coordinates.
Theorem 10. The simple and the r = 1 diamond schemes have identical dispersion relations, that is, P̃ (X˜ , Ω̃) = P (X , Ω).
Proof.

znj = z̃ñj̃
⇒ ei(X jΔx−ΩnΔt) c = ei(X̃ j̃−Ω̃ñ) c
⇒ ei(X x−Ωt) c = ei(X̃ x̃−Ω̃t̃) c

⇒
⇒

Δx(x̃−t̃)
Δt(t̃+x̃)
−Ω
)
2
2
ei(X
c

ΔxX −ΩΔt
ΔxX +ΩΔt
x̃−
t̃)
2
2
c
ei(

= ei(X̃ x̃−Ω̃t̃) c

using (3.1)

= ei(X̃ x̃−Ω̃t̃) c,

thus
X˜ =

(4.3)

ΔxX −ΩΔt
2

and Ω̃ =

ΔxX +ΩΔt
.
2

Now
K̃ + i2 tan X̃2 L̃ − S


= −i2 tan ΔxX 4+ΩΔt K̃ + i2 tan ΔxX 4−ΩΔt L̃ − S

1
1

1
1
= −i2 tan ΔxX 4+ΩΔt Δt
K − Δx
L + i2 tan ΔxX 4−ΩΔt Δt
K + Δx
L −S
 ΔxX +ΩΔt
 ΔxX −ΩΔt
2 
tan
− tan
K
= −i
4
4
Δt


2 
+i
tan ΔxX 4−ΩΔt + tan ΔxX 4+ΩΔt L − S
Δx


2 sin ΔtΩ
2 sin ΔxX
2
2
2 
2 


K +i
L−S
= −i
Δt cos ΔxX
Δx cos ΔxX
+ cos ΔtΩ
+ cos ΔtΩ
2
2
2
2

−i2 tan

Ω̃
2

sin(a)+sin(b)
using (4.3), (3.4), and (in the last step) tan( a+b
2 ) = cos(a)+cos(b) .
Lemma 11. Let U = (−π, π) × (−π, π) and let V = h(U ), where h is deﬁned
in (4.2). The map h : U → V is a diﬀeomorphism.
Proof. The Jacobian of (h1 , h2 ) is


2
λ sin( x2 ) sin( y2 )
λ(1 + cos( x2 ) cos( y2 ))
,
J=

y
y
2
sin( x2 ) sin( 2 )
(1 + cos( x2 ) cos( 2 ))
Δt cos( x ) + cos( y )
2

2
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where λ is the Courant number. By deﬁnition h is surjective, and it is straightforward
to show that det(J) = 0 for all x, y ∈ U . Thus J is a bijection and h is a local
diﬀeomorphism. Because both U and V are connected open subsets of R2 , V is
simply connected, and because h is proper, h is a diﬀeomorphism.
The discrete dispersion relation determined in Theorem 8 allows the linear stability of the method to be determined for any PDE for which the continuous dispersion
relation is known. We illustrate this for the linear wave equation.
Theorem 12. The simple diamond scheme applied to the wave equation is linΔt
≤ 1.
early stable when λ = Δx
Proof. It must be shown that for all X Δx ∈ [−π, π] there exists ΩΔt ∈ [−π, π]
such that P (X Δx, ΩΔt) = 0, where, from Theorem 8, P (x, y) = p(h(x, y)) = p(h1 (x, y),
h2 (x, y)), and for the wave equation p(ξ, ω) = ξ 2 − ω 2 . We have
P (X Δx, ΩΔt) = 0
⇔ p(h1 (X Δx, ΩΔt), h2 (Δx, ΩΔt)) = 0
⇔ h1 (X Δx, ΩΔt) ± h2 (Δx, ΩΔt) = 0
sin( 12 ΩΔt)
Δt
⇔
=
Δx
sin( 12 X Δx)
(4.4)


⇔ ΩΔt = 2 sin−1 λ sin( 12 X Δx) .

When λ ≤ 1 the right-hand side can be evaluated for all X Δx ∈ [−π, π] and gives
ΩΔt ∈ [−π, π].
Note that the dispersion relation of the simple box scheme for the linear wave
equation, given in (4.4), is the same as that of the explicit 5-point method.
Another approach will now be illustrated. The condition that for all x ∈ [−π, π]
there exists y ∈ [−π, π] such that p(h(x, y)) = 0 is equivalent to stating that h : R ×
[−π, π] contains the solution to p(ξ, ω) = 0. By Lemma 11 h is a diﬀeomorphism;
thus the solution to p(ξ, ω) = 0 only has to be between the boundaries h(x, ±π):


4 sin(x/2)
4
,±
h(x, ±π) = (h1 (x, ±π), h2 (x, ±π)) =
.
Δx cos(x/2) Δt cos(x/2)
Let ξ = h1 (x, y) and ω = h2 (x, y), and use the formula for cos tan−1 to ﬁnd


2
Δxξ
4
1+
.
ω=±
Δt
4
Thus the simple diamond scheme is stable for the wave equation iﬀ


2
Δxξ
4
ξ≤±
1+
.
Δt
4
It is straightforward to check this holds iﬀ λ ≤ 1. Figure 9 illustrates the action of h
and the linear wave equation dispersion relation. Figure 10 is similar except for the
dispersion relation p(ξ, ω) = ω − ξ + ξ 3 .
5. Discussion. Many features of the diamond scheme can be seen immediately
from its deﬁnition:
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Fig. 9. The domain (−π, π) × (−π, π) and three images under the map h = (h1 , h2 ) (equation (4.2)) with varying Courant number. The coordinates in the image space are (ξ, ω) =
(h1 (X Δx, ΩΔt), h2 (X Δx, ΩΔt)). A portion of the wave equation dispersion relation p(ξ, ω) = ω − ξ
is displayed, and the discrete dispersion relations, obtained by applying h−1 , are shown on the left.
When λ = 2 the discrete dispersion relation has no real solution for X Δx > 1, thus the simple
diamond scheme is unstable.
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Fig. 10. The domain (−π, π) × (−π, π) and three images under the map h = (h1 , h2 )
(equation (4.2)) with varying Courant number. The coordinates in the image space are (ξ, ω) =
(h1 (X Δx, ΩΔt), h2 (X Δx, ΩΔt)). A portion of the dispersion relation p(ξ, ω) = ω − ξ + ξ 3 is displayed, and the discrete dispersion relations, obtained by applying h−1 , are shown on the left. When
λ  0.025 the discrete dispersion relation doesn’t have a real solution for all X Δx > 0, and thus the
simple diamond scheme is unstable.
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1. It is deﬁned for all multi-Hamiltonian systems (1.1).
2. It is only locally implicit within each diamond. Such locality is suitable
for hyperbolic systems with ﬁnite wave speeds. Compared to fully implicit
schemes like Runge–Kutta box schemes, this leads to
(a) nonlinear equations that have a solution;
(b) faster nonlinear solves;
(c) better parallelization, as no communication between diamonds is required during solves and all diamonds can be solved in parallel—initial
experiments indicate that the scheme scales well with the number of
processors; and
(d) local treatment of boundary conditions—ad hoc schemes for particular
multi-Hamiltonian equations and boundary conditions have been found.
On the other hand, the implicitness within a diamond should improve stability compared to fully explicit methods in cases where S(z) contributes (a
moderate amount of) stiﬀness to the equation.
3. It is linear in z; this is expected to lead to
(a) preservation of conservation laws associated with linear symmetries;
(b) better transmission of waves at mesh boundaries, as has been found for
the (linear) simple box scheme [9]; and
(c) easier handing of dispersion relations, which can be determined once and
for all for all multi-Hamiltonian PDEs, as in Theorem 8.
It is the linearity of the method that means it can capture part of the continuous dispersion relation via a smooth remapping of frequencies.
This combination of properties, together with its expected and observed highorder, is new for multisymplectic integrators.
At the same time, the novel mesh introduces some complications:
1. The implementation is slightly more involved than on a standard mesh; in
practice we have not found this to be signiﬁcant. The parallel implementation
is generally easier than on a standard mesh.
2. The interaction of the mesh with the boundaries means that they need special
treatment (but at least they can be treated).
3. The mesh geometry introduces some distortions to the dispersion relation,
which is illustrated in Figures 9 and 10.
The principle of the diamond method is extremely general and can be applied
to a very wide range of PDEs; it may have applications beyond the multisymplectic
PDE (1.1). It extends easily to 2d-hedral meshes for PDEs in d-dimensional spacetime, again subject to the CFL condition. However, at present, to prove existence of
solutions of the nonlinear equations we need to restrict ourselves to a particular class
of equations; ideally one would like to establish existence of numerical solutions for
all PDEs (1.1) and relate them to the existence of solutions to the PDE itself.
In future work we shall address these issues, develop initialization and boundary
schemes, and establish the order of the diamond scheme.
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